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OO , The purpose of the "bootstrap program" for integrable quantum field theories 

in 1+1 dimensions is to construct a model in terms of its Wightman functions 

■ explicitly. In this article, this program is mainly illustrated in terms of the sine- 
. Gordon and the sinh-Gordon model and (as an exercise) the scaling Ising model. 
' We review some previous results on sine-Gordon breather form factors and quantum 

operator equations. The problem to sum over intermediate states is attacked in the 
short distance limit of the two point Wightman function for the sinh-Gordon and 
(D ', the scaling Ising model. 
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1 Introduction 

The 'bootstrap program for integrable quantum field theories in 1+1- dimensions' PIEIISI 
does not start with any classical Lagrangian. Rather this program classifies integrable 
quantum field theoretic models and in addition it provides their explicit exact solutions 
in term of all Wightman functions. We have contact with the classical models only, when 
at the end we compare our exact results with Feynman graph expansions which are based 
on the Lagrangians. 

One of the authors (M.K.) et al. j3] formulated the on-shell program i.e. the ex- 
act determination of the scattering matrix using the Yang-Baxter equations. Off-shell 
quantities, namely form factors were first investigated by Vergeles and Gryanik |5, in the 
sinh-Gordon model and by Weisz jH] in the sine-Gordon model. The concept of general- 
ized form factors was introduced by one of the authors (M.K.) et al. In this article 
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consistency equations were formulated which are expected to be satisfied by these objects. 
Thereafter this approach was developed further and studied in the context of several ex- 
plicit models by Smirnov jH] who proposed the form factor equations (i) — (v) (see below) 
as extensions of similar formulae in the original article [7]. The formulae were proven by 
the authors et al. [H]. 

Finally the Wightman functions are obtained by taking integrals and sums over in- 
termediate states. The explicit evaluation of all these integrals and sums remains an 
open challenge for almost all models, except the Ising model pHl ITTl IT^ . In this article 
we attack this problem for the examples of the sinh-Gordon model and, as an exercise, 
of the scaling Ising model. We investigate the short distance behavior of the two-point 
Wightman function of the exponential of the field. 



2 The "bootstrap program" 

As the final result the 'bootstrap program' for integrable quantum field theories in 1+1- 
dimensions provides a model in term of all Wightman functions. The result is obtained 
in three steps: 

1. The S-matrix is calculated by means of general properties such as unitarity and 
crossing, the Yang-Baxter equations (which are a consequence of integrability) and 
the additional assumption of 'maximal analyticity'. This means that the two-particle 
S-matrix is an analytic function in the physical plane (of the Mandelstam variable 
(pi+P2)^) and possesses only those poles there which are of physical origin. The only 
input which depends on the model is the assumption of a particle spectrum. Usually 
it belongs to representations of a symmetry. Typically there is a correspondence of 
fundamental representations with multiplets of particles. A classification of all S- 
matrices obeying the given properties is obtained. 

2. Generalized form factors which are matrix elements of local operators 

are calculated by means of the S-matrix. More precisely, the equations {i) — [v) 
as listed in section |21 are solved. These equations follow from LSZ-assumptions and 
again the additional assumption of 'maximal analyticity' jU]. 

3. The Wightman functions are obtained by inserting a complete set of intermediate 
states. In particular the two point function for a hermitian operator 0{x) reads 



(o|OMO,o),o)^gi/.../^^ 



(27r)"2cJi . . . 2uJn 

(0|O(0)|pi,...,p.r 
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Up to now a proof that these sums converge exists only for the scaling Ising model 
[TU] and the 'Yang-Lee' model [13]. 
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Integrability 

Integrability in (quantum) field theories means that there exist cx)-many local conservation 
laws 

9^J^(t,x)=0 (L = ±l,±3,...). 
A consequence of such conservation laws in 1+1 dimensions is that there is no particle 
production and the n-particle S-matrix is a product of 2-particle S-matrices 

i<j 

If backward scattering occurs the 2-particle S-matrices will not commute and one has to 
specify the order. In particular for the 3-particle S-matrix there are two possibilities 



S^^^ — S12S13S23 — S23S13S 
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which yield the "Yang-Baxter Equation" . 

Examples of integrable models in 1+1- dimensions are the sine-Gordon model defined 
by the classical field equation 



a 



ip{t, x) - ip"{t, x) + ^ sin l3(p{t, x) 







and the massive Thirring model defined by the classical Lagrangian 

C = 'ipii'^d — m)ip — \ g ip'j'^tp ^l^tp ■ 

Coleman Jl] proved that both models are equivalent on the quantum level. 

Further integrable models are: Z^v-Ising models, nonlinear a-models, Gross-Neveu 
models, Toda models etc. In the following most of the formulae and explicit solutions 
are given for the sine-Gordon alias massive Thirring model although often corresponding 
results exist also for other models. 



The S-matrix 



For the Sine-Gordon alias massive Thiring model the particle spectrum consists of: soliton, 
anti-soliton and breathers (as soliton anti-soliton bound states). Since backward scattering 
can only appear for particles with the same mass, the two-particle S-matrix is of the form 

f u \ 

t r 
r t 
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where the rapidity difference Ou = |^i — is defined by pi = mj(cosh6'j, sinh6'i 
We start with the sohton (anti-sohton) S-matrix: 

(3' a' 

of}' a' _ . CSS _ qSs _ + QSS _ 



a (3 

s = sohton, s = anti-sohton. As input conditions we have: 

1. Unitarity: S{-e)S{e) = 1 

u{-e)u{9) = 1 

t{-e)t{9) + r{-e)r{e) = i 
t{-e)r{e) + r{-e)t{e) = o 

2. Crossing: 

u{i7i - 9) = t{9) , r{m - 9) = r{9) 

3. Yang-Baxter: 

r(^i2)w(^i3)r(^23) +t(^i2)r(^i3)t(^23) = u{9i2)r{9ri)u{92z) 

4. Maximal analyticity: 

S{9) is meromorphic in the 'physical strip' < Im^ < tt and aU poles there have 
a physical interpretation, in particular all bound states correspond to simple poles. 
An S-matrix satisfying this condition is also called 'minimal'. For couplings g < 
(in the language of the massive Thirring model) there are no soliton anti-soliton 
bound states. Therefore in this region of the coupling constant S{9) is holomorphic 
in the 'physical strip' < Im^ < tt. 

The S-matrix bootstrap using the Yang-Baxter relations was proposed by Karowski, 
Thun, Truong and Weisz [4]. It was shown in this article that the 'minimal' general 
solution to these equations is 

^ r dt sinh|(l -z/) . , 9 

u[9, v) = exp / . , f;. —j- smht— . 

Jq t smh Y cosh ^ ?7r 

This S-matrix was first obtained by Zamolodchikov ^H] from the extrapolation of semi- 
classical expressions. It has been checked in perturbation theory. The free parameter u 
is related to the couphng constants by 

1 Stt 2g 
- = -i2 -1 = 1 + -- 

The second equation is due to Coleman and the first one is obtained by analyzing the 
pole structure of the amplitude u{9^v). The assumption of 'maximal analyticity' and 
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comparison with the known semi-classical bound state spectrum provides the identification 
of the parameter v. 

The two-breather S-matrix 

c ia\ sinh ^ + i sin TTi/ 
smhy — ismvrz/ 

is obtained by the bound state fusion method [TE] . 

3 Form factors 

Definition 1 For a local operator 0{x) the generalized form factors ^ are defined as 

(^1, . . . , ^n) = ( I 0(0) I Pl, . . . , p„ 

for 9i > ■ ■ ■ > On- For other orders of the rapidities they are defined by analytic continu- 
ation. The index ai denotes the type of the particle with momentum pi. We also use the 
short notations Oa{0.) or Oi...n(^)- 

For the sine Gordon model a denotes the soliton, anti-soliton or breathers. Similar 
as for the S-matrix, 'maximal analyticity' for generalized form factors means again that 
they are meromorphic and all poles in the 'physical strips' < Im^j < tt have a physical 
interpretation. Together with the usual LSZ-assumptions J7j of local quantum field 
theory the following form factor equations can be derived 



(i) Watson's equations 

0,„ij,„{- ■ ■ ,0i,0jj ■ ■ ■) = 0,„ji„X- ■ ■ 5 Oi,. . .) Sij{9i — 9j) . (2) 
(a) Crossing relation (for the connected part of the matrix element): 

^,{Pl I O{0) I P2,...,Pn y:^~ = Oa.a....a„(^l + ^2, . . . , ^n) (3) 

= C'a2...a„ai (^'2, ■ ■ ■ ,9n,dl — ^Tt) . 

{Hi) Recursion relation: 

Res Oi...n{eu ...)=2tCu 03...n(^3, . . . ) (1 " • • • ^23) , (4) 

where C12 is the charge conjugation matrix. 
{iv) Bound state form factors equations: 

Res Ol23...n(^) = 0(12)3...n(^(12),^') V^F^^^'^ , (5) 

0i2=ia 

where a is the fusion angle and is the fusion intertwiner [THj I2()j. 
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(f ) Lorentz invariance: 

+ . . . , ^„ + = e^^ Oi...„(^i, . . . , , (6) 
where s is the "spin" of O. 

These equations have been proposed by Smirnov [SI as generahzations of equations 
derived in the original articles [ZIEIIS]- They have been proven P by means of the LSZ- 
assumptions and 'maximal analyticity'. They hold in this form for bosons; for fermions 
or more generally for anyons there are some additional phase factors. 



Two-particle form factors 

For the two-particle form factors the form factor equations are easily understood. The 
usual assumptions of local quantum field theory yield 

( I 0(0) I j9i, p2)*"/°"* = F {{p, + p^f ±ie) = F (±012) 

where the rapidity difference is defined by piP2 = fn"^ cosh6'i2. For integrable theories one 
has particle number conservation which implies (for any eigenstate of the two-particle 
S-matrix) 

( I 0(0) I pi, P2)*" = ( I 0(0) I J92, pi^' S (Ou) . 

Crossing ^ means 

{pi\O{0)\p2) = F{tn-ei2) 

where for one-particle states in- and out-states coincide. Therefore Watson's equations 
follow 

F{9) = F{-9)S{9) 
F{iTT-e) = F {in + 9) . 

For general theories Watson's ^H] equations only hold below the particle production 
thresholds. However, for integrable theories there is no particle production and therefore 
they hold for all complex values of 9. It has been shown [7] that these equations together 
with "maximal analyticity" have a unique solution. 

As an example we write the sine-Gordon two-breather form factor [2] 

r dt /cosh(i + z/)t \ , f d\ 
Jq t smh t \ cosh J \ tir J 

A formula for sine-Gordon breather form factors 

We are looking for solutions of the form factor equations (i) — (v). The generalized form 
factors for arbitrary numbers of breathers are of the form [7j 

(0|O(0)K...,p.r = irf(^) n ^(%) (8) 

l<i<j<n 
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where F{9) is the two-breather form factor above and the 'K-function' satisfies Watsons 
equations with S = 1. We make the Ansatz^ 

K°AB =t- n(i + - h)^)p°ii>s ■ (9) 

Zi=0 Z„=0 i<j ^ ^■'^ 

The dependence of form factors on the operator 0{x) enters only through the p-functions 
Pn{^,z). This Ansatz transforms the form factor equations (i) — (v) to simpler equations 
for the p-function p^iOA) The p-function p^{9,l) is holomorphic with respect to all 
variables 6i, . . . ,6n. It is symmetric with respect to the exchange of the variables 6i and 
li at the same time and it is periodic with period 2iTi. 

p^{...,e„ej,...,k,i„...) =p^{...,e„e„...,i„h,...) (lo) 

Pn(^,i)=Pn(^l-2vr2,^2,...,^n,l) (H) 

With the short hand notation 9^ = 02, . ■ ■ ,9n, 0^' = 6*3, . . . , 6'„ and /" = I3, . . . ,ln the 
recursion relation 

P^{02 + t7r,e:,r) = g{h, /2)p^_2(r,r) + Hh, h) (12) 

holds where g{0, 1) = g{l, 0) = 2/{F{iTx) siuTrz/) and I2) is independent of Lorentz 
covariance reads as 

+ /i, . . . , ^„ + /i, /) = e'^p'^{e,, ...M. (13) 

These conditions of the p-function are sufficient to guarantee the properties of the form 
factors. 

Theorem 2 // the p-function p^i^jL) satisfies the conditions HKMIl^) the form factor 
function On{0) satisfies the properties l^B^. 

This theorem has been proven in [23|- 



Examples of operators and their p-functions: For several cases the correspon- 
dence between local operators and their p-functions have been proposed in j2S]- Here we 
provide three examples: 

1. The normal ordered exponential of the field (see also [21]) 

/ \ t " 



^ Using an integral representation |^ I21| for general soliton form factors we derived this formula in 
[21] for several local operators (see also [22 )■ Here we consider it as an Ansatz also for operators such as 
the general exponential of the breather field which is nonlocal with respect to the soliton field. 
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2. Expanding the last relation with respect to 7 one obtains the p-functions for normal 
ordered powers -.iplx)^ : in particular for = 1 

F(i7r)sin7rz/y ' 
which yields (for n = 1) the 'wave function renormalization constant' 



Z- = (0|^(0)b)^- 

(see also jZj). 



3. The higher conserved currents (which are typical for integrable quantum field the- 



ories 



J±(x) ^ ±ivy^) ^e±^> ^e^(^-^(^-(-^)'^)) . 



i=l i=l 



Asymptotic behavior of the form factors for 

Let O = : ip^ : be the normal ordered power of a bosonic field. Write the rapidities as 
9 = X9[, . . . , X9'^,9", . . . ,9'^_^ and consider the limit X ^ 00. Then the asymptotic 
behavior of the n-boson form factor is 

[^'']J9) = {0\ :y,^:(0)K...,p„r 

= E(a-)['''1.(^'' K""l.-J2") + 0(e-). 

This can be proven in any order of perturbation theory as follows. The matrix element 
on the left hand side may be written in terms of Feynman graphs as 
O =: if^ 



9i + X\ I ■■■ \ 9 




K=0 



where all other graphs not drawn have lines which connect both parts directly. Weinberg's 
power counting theorem for bosonic Feynman graphs implies that these contributions 
decrease for A — >■ 00 as 0{X'^e~^) . This behavior is also assumed to hold for the exact form 
factors (the fact is that the 'logarithmic terms' A'^ do not show up for the exact expressions 
since the K-functions are meromorphic in the e^' ) . Therefore for the exponentials of the 
boson field : e*''"^ : we have the asymptotic behavior 

[en.] j^) = [e^^^]J9_:) [e^^-m (^-) + Oie'') . 

It is easy to see [201 12S] that our proposal (fT^ together with © and © satisfies this 
asymptotic behavior^. The asymptotic behavior of other form factors is more complicated 
in particular if fermions are involved. 

^This type of arguments has been also used before [3 EHl EEl EZ! ■ 
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Quantum field operator equations 
The sine-Gordon equation 

We start with the local operator : sin 7(^9: (x) = ■ (e*''"'' — e"*''"^) : (x). For the exceptional 
value 7 = /? we find \21\ [221 that also D"^ : sin (3(f : (x) is local. Moreover the quantum 
sine-Gordon field equation 

ce 

n<^{x) + - : sin : {x) = (15) 

P 

holds for all matrix elements, if the "bare" mass ^/a is related to the renormalized mass 
by^ 

2 TTZ/ 

a = m (16) 

sin TTZ/ 

where m is the physical mass of the fundamental boson. The result may be checked 
in perturbation theory by Feynman graph expansions. In particular in lowest order the 
relation between the bare and the renormalized mass (jl6|) had already been calculated in 
the original article [7j. The result is 

which agrees with the exact formula above. 

Here is a sketch of the proof of the field equation which uses induction and 
Liouville's theorem. Consider the K-functions of the left hand side of eq. ()15|) 

/.(») = - E E ^-''''-iPw + ^4 - Kiym . 

The results of the previous section imply fi{9) = f2{0) = for g = e*'^'^. As an induction 
assumption we take /n-2(^") = 0. The function fn{0_) is meromorphic in terms of the 
Xi = e^* with at most simple poles at Xi = ±Xj since sinh 9ij = (xj + Xj){xi — Xj)/ {2xiXj). 
The residues of the poles at Xi = Xj vanish because of the symmetry under the exchange 
of Xi Xj. The residues at proportional to /n-2(^") because of the recursion 

relation {Hi). Furthermore it can be shown j2S] that /n(^) for Xi — * 00. Therefore 
fn{0 vanishes identically by Liouville's theorem. 

The factor ^.^^^ in (fTB|) modifies the classical equation and has to be considered as 
a quantum correction. For the sin- and sinh-Gordon model an analogous quantum field 
equation has been discussed previously [221I2ZI- Note that in particular at the 'free fermion 
point' u ^ 1 [0^ At:) this factor diverges, a phenomenon which is to be expected by 
investigations of the short distance behavior [201 ■ For fixed bare mass square a and 
z/ — s> 2, 3, 4, . . . the physical mass goes to zero. These values of the coupling are known to 
be specific: 1) the Bethe Ansatz vacuum in the language of the massive Thirring model 
shows phase transitions and 2) the model at these points is related |H2l IHH Oil to 
Baxters RSOS-models which correspond to minimal conformal models with central charge 
c = l-6/(z/(z/+l)). 

^Before such a formula was found |2H1 HH] by different methods. 
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The trace of the energy momentum tensor 

As a further operator equation we find [2011231 (see also [22]) that the trace of the energy 
momentum tensor satisfies 



(17) 



Again this operator equation is to be understood as a relation of all its matrix elements. 
The equation is modified compared to the classical one by a quantum correction (1 — 
P /Sir). As a consequence of this fact the model will be conformal invariant in the limit 
Stt for fixed bare mass square a. This is related to a Berezinski-Kosterlitz-Thouless 
[H3] phase transition. 

This results may be checked again in perturbation theory by Feynman graph expan- 
sions. The quantum corrections of the trace of the energy momentum tensor (jl7j) yields 

{p\ :cos/5^: (0) - l|p) = (^1 + Q + 0(/3«). 

This again agrees with the exact formula above since the usual normalization for the 
energy momentum given by J dxT^^{x) \ p) = p^\p) implies {p \ T'^| p) = 2m^. 

4 Wight man functions 

As the simplest case we consider the two-point function of two local scalar operators 0{x) 
and 0'{x) 

w{x) = (0|O(x) C'(0)|0). 

Summation over all intermediate states 

Inserting a complete set of in-states we may write 

n\ J 27r2co'i J 27i2uJr, 
X (0|O(0) K...,p„)^"^"(p„,...,pi|O'(0)|0) 



oo 



n=0 

We have introduced the functions 

9n{e) = 1 0(0) bi, . . . , p„ )^'^ . . . , pi I o'(o) 1 ) 

(47r) 

= j^O{e,, ...,6^) 0\e^ + 27r, . . . , ^1 + 27r) . 
(47r) 

where crossing has been used. In particular we consider exponentials of a scalar bose field 
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where : ■ ■ • : means normal ordering with respect to the physical vacuum which means 
that 



(0| :e^^'"^(^): |0) = 1 



and therefore go = 1. 



The Log of the two-point function For qq = 1 we may write (see also 



w[x) 



1 + 

n=l ■ 



It is well known that the functions (?„ and hn are related by 

gi= Yl • • • ^^fc 

7'iU---U4=/ 

where we use the short hand notation gj = gn{9i, . . . ,6n) with / = {l,...,n}. The 
relations of the g^s and the /z's may be depicted with g = i ) and h = I I as 



I ... I 

1 n 



I ... I 

1 n 



For example 



9i = hi 

912 = hi2 + hih2 

9123 = hi23 + hi2h + ^13^2 + /i23^1 + hih2h 



Due to Lorentz invariance it is sufficient to consider x = {—ir, 0). Let 0{x) and 0'{x) 
be scalar operators. Then the functions hn{6_) depend on the rapidity differences only. 
We use the formula for the modified Bessel function of the third kind 



iA+(x) = ( I ip(x) ip(0) I ) = — / dOe 

Atx 



-rm cosh 9 



-i^o(mr) 



to perform one integration 

n=l ^' 

n=l ^' ^ 



with 



'n-1 



. i=l 



J=l 
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Short distance behavior r — 

In order to perform the conformal hmit of masive models one investigates the short dis- 
tance behavior (see e.g. jSHl IHZl 1221 ISHl EHI)- For small r we use the expansion of the 
modified Bessel function of the third kind and obtain 

\nw{x) = -2^2-^ ddi-- - I den-ihni6i,...,9n-i,0) 

n=l ^' ^ ^ 

X (in mr + In ^ + 7^; - ln2 + O (r^lnr)) 



where 7^ = 0.5772 ... is Euler's or Mascheroni's constant. Therefore the two-point 
Wightman function has power like behavior for short distances 

w{x) ~ C (mr)^"^^ for r ^ 

where the dimension is given by 

n=l ^' 

if the integrals exist. This is true for the exponentials of bose fields O =-Qnv{^) ■ because 
of the asymptotic behavior for Re^i — 00 

On{9^9,, ...) = Oi(0i)a_i(02, . . . ) + Oie-'^) 
g^e,, 62,... 9n) = gign-iie^, . . . + o(e-i^ii) 

as shown above. Therefore the functions /i„ satisfy (see also 

hn{0) = O(e'l^'l) for Re^^ ^ ±00 . 

This follows when we distinguish in the relation of the (?'s and the /I's above the variable 
di and reorganize the terms on the right hand side as follows 

9i = ^J3i\J ■ 

The constant C is obtained as 

C = exp ^-2 y rf^^i . . . y den_^K{9i, 9n-i, 0) (in + 7e) j 

and it should be related to the vacuum expectation value G = {0\O{x)\0)c in the 
'conformal normalization' 

C = m^'^G-^ . 

Such vacuum expectation value was calculated in for the sine-Gordon model. 
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Examples 

For simplicity let us consider the case that both operator are the exponential of the field 
at the special value 7 = 7' = /? 

1. The free case: For the free case hi = ^ \f3f and all /i„ = for n > 1 

w{x) ^ e-^(^^^-''^2)l'^l'(mr)-5^l^l' for r ^ 

A = ^1/91' 
Stt 

C = e-2^(^i^-i>^2)|/3p 
which is a well known result. 

2. The sinh-Gordon model The 2-particle S-matrix is obtained from the sine-Gordon 
breather S-matrix (0) for imaginary couplings (3 

sinh 6^ + z sin TTz/ . , , 

S(e) = — — with - 1 < z/ = — ^- — ^ < . 

smh fc* — 2 sm ttu Svr — p 

The 2-particle form factor function is given by ((Tj) for —1 < u < 0. The sinh Gordon 
model has the self-dual point 

1 2 

u = or 8 = —Air . 

2 ^ 

The dimension of the exponential of the field 0{x) = :e*^'^*^^-' : for the sinh-Gordon model 
is in the 1- and 2-particle intermediate state approximation (see Fig. ^ 

Ai+2 = ^(Ai + ^y deh2{e,o) + ...] 



7lF(iTT 

The integral may be calculated exactly with the result 

Vr r^2/ \ COSTTZ/ — 1 / TTZ/COSTTI/ 

sin nuF (in) — tx h 2 1 



2 siuTTZ/ V sinvrz/ 

In principle the higher particle intermediate state integrals may also be calculated, how- 
ever, up to now we could not derive a general formula. This is possible for the scaling Ising 
model which is considered as the next example. The constant C in the approximation of 
1-intermediate states is given as 

Ci = exp {-2hi (7^ - In 2)) = exp (4^^^ (7^ - In 2) 



We have not calculated the integrals appearing in higher-particle intermediate state con- 
tributions. 
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Figure 1: Dimension of an exponential of the field for the sinh- Gordon model: 1- and 
1+2-particle intermediate state contributions 

3. The scaling Ising model [HI US IIS El The S-matrix is 5* = -1. The form factors 
of the order parameter a are non-vanishing for odd n pT] 



( I a(0) ...,pn = (21)— J] tanh -9 



2-J 



and for the disorder parameter /i for even n 

( I ^(0) \p^,...,p^y^ = {2i) ^ H tanh . 



i<j 



We introduce the operator 0{x) = ii{x) + \/2ia{x) normalized such that Oq = 1 and 
Oi = \/2i. It obviously satisfies the asymptotic cluster behavior like an exponential of a 
bose field 

OniOl, ...,en)= Oi{ei)On^,{e2, . . . , + 0(e"^^) for ^ OO . 

This allows us to apply the same methods as above 

(0|O(x)Ot(x)|0) = f^l fde^... f der,e-'^^P'g^{e_) 

n=l ^' 

^ C (mr)^*^ for r ^ 

with Qnid.) = (2vr)^" J^.^j- tanh^ ^^ij- To obtain dimension the A and the constant C we 
have to calculate 

n=l n=l ^ ^ 

C = exp(^-2f2^ J d9^... j den-ihni9^,...,9r,-i,0) (In^ + 7e - ln2) j 
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All integrals in the sum over the intermediate states in the formula of the dimension can 
be performed. The result may be expressed by a recursion relation 

h = 1 

/2 = J d9 {tsinh^ 9 - 1) = -4 

h = j dOi J (102 {tanh^ i^i2 tanh^ ^Oi tanh^ 

- tanh^ i^i2 - tanh^ ^Oi - tanh^ + 2} = Att^ 

The sum over all intermediate states can be performed by solving the recursion relation 
which yields 



k 



4^z_.p(A;+l)r(2A: + 2) Stt^ ^ T (2A; + 1) 

_ 1 1 _ 1 
~ 8 " 16 ~ 16 

and which is a well known result (see for example JTO]). For the constant C we calculated 
the 1- and 2-particle intermediate state contributions 

Ci+2 = exp (^-^ (7^ - In 2; 

X exp ^ — ^-^ j dO (tanh^ \e - l) (in cosh \e + 7^)^ 



e 



-(7B-ln2)/7rg-(ln2-7g-l)/7r2 _ 3^343 



Using 



{Q\0{x)0\x)\Q) = (0| (^/i + v^a) (a;) (^/i + v^a^ (0) | ) 

this approximation may be compared with the results of [TU] 

C = C^'^) + 2C(") = 1.084 8. 
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